Chapter 10

Grand canonical ensemble

10.1 Grand canonical partition function

The grand canonical ensemble is a generalization of the canonical ensemble where the
restriction to a definite number of particles is removed. This is a realistic representation
when then the total number of particles in a macroscopic system cannot be fixed.

Heat and particle reservoir. Consider a sys-
tem A; in a heat and particle reservoir A,. The

two systems are in equilibrium with the thermal . . E 7 N,

equilibrium. e G2 N2
— Thermal equilibrium results form the ex- e 1 .
change of heat. The two temperature are N E1; N 1 T _

then equal: T =T, =15

— The equilibrium with respect to particle
exchange leads to identical chemical poten-

tials: p = p1 = po.

Energy and particle conservation. We assume that the system A, is much larger
than the system A;, i.e., that

Ey > Fy, Ny > Ny,
with
Ny + Ny = N = const. FE, + Ey = E = const.
where N and E are the particle number and the energy of the total system A = A; + As.

Hamilton function. The overall Hamilton function is defined as the sum of the Hamilton
functions of A; and As:

H(q,p) = Hi(q(1),p(1), N1) + Ha(q(2),p(2), N2) .

For the above assumption to be valid, we neglect interactions among particles in A; and
AQI
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This is a valid assuming for most macroscopic systems.

Microcanonical ensemble. Since the total system A is isolated, its distribution function
is given in the microcanonical ensemble as

pla.0) = grpgy(E — Hh — ).

as in (9.1), with t
Q(E,N) = /d3Nq d*Np§(E — Hy — Hy)

being the density of states.

Sub-macroscopic particle exchange. The total entropy of the combined system is
given by the microcanonical expression

[o(N) = B*NN{IN,! | (10.1)

S:kBln(Q(E’—N)A),

Io(N)

where A is the width of the energy shell. Compare (9.4) and Sect. 9.4.

The reason that I'y(N) ~ N;!Ny!in (10.1), and not ~ N, stems from the assumption that
there is no particles exchange on the macroscopic level. This is in line with the observation
made in Sect. 9.6 that energy fluctuations, i.e. the exchange of energy between a system
and the heat reservoir, scale like 1/ VN relatively to the internal energy. We come back
to this issue in Sect. 10.3.2.

Integrating out the reservoir. We are now interested in the system A;. As we did for
the canonical ensemble, we integrate the total probability density p(q,p) over the phase
space of the reservoir A;. We obtain

p1(q(1),p(1),Ny) = /dq(2)dp(2)p(q,p)

[ dq(2)dp(2)6(E — Hy — H, N)

Q(E, N)
 W(E-Hi,N-N)
= B (10.2)

in analogy to (9.2).

Expanding in F; and N;. With F; < F and N; < N, we can approximate the slowly
varying logarithm of Qy(Fs, No) around Ey = E and Ny = N and thus obtain:

So(E— Ei,N—N;) = kgl <QQ(E_E1’N_N1)A>

Lo (N)
852) (852)
— Sy(E,N)—E N, (S22
2< ) 1( No| B2 =FE ' aNQ Ey| E2=FE
No =N No =N

OE,
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Using (5.14), TdS = dU + PdV — udN, the derivatives may be substituted by

0 . (QW(E,N)A\ [0S, 1
waeh (M) = (58) vy =7 10:3)
and 0 (0(E,N)A o5
2 ) _ _2 :_ﬁ
o (i) = (%) yoy = F .
Ey=FE

Expansion of the probability density. (10.3) and (10.4) allow to expand (E —
Ei,N — N;) as

Qs(E — Ey, N — N))A Qs (E, N)A FE N
kBln( 2( 1 ) ):k31n<u)__1 Mg

[o(N) [o(N) T T ’

which leads via F; = H; and (10.2) to a probability distribution of the form
pr(a(1),p(1), N2) ~ exp (= [Fi(a(1), p(1)) — 2] /(K5 T) )

Grand canonical partition function. The constant of proportionality for the proba-
bility distribution is given by the grand canonical partition function Z = Z(T,V, u),

d3N d3N

T V,u Z/ NN e~ BlH (¢,p,N)—pN] 7 (10.5)

where we have dropped the index to the first system substituting p, NV, ¢ and p for py,
N1, q(1) and p(1). The partition function normalizes the distribution function

1 1
N) = —B[H(q,p,N)—uN] 10.6

to 1:

Z/d3qu3Npp(q,p, N) =1
N=0

Note that the normalization factor A3V N! in (10.5) and (10.6) cancel each other. Tt
is in any can not possible to justify this factor within classical mechanics, as discussed
previously in Sect. 8.2.

Internal Energy. From the definition (10.5) of the grand canonical potential function
it follows that internal energy U = (H) is given by

0
U—uN = —a—ﬁln Z(T,V,pu) |. (10.7)
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10.2 Grand canonical potential

In Sect. 5.4 we defined the grand canonical potential® as

QOT,V,p) = F(T,V,N) — uN |, Q=-PV,

and showed with Eq. (5.21) that

where we have used in the last step the representation (10.7) of U — uN = dIln Z/9p5.

U—uN

Grand canonical potential. From (10.8) we may determine (up-to a constant) the
grand canonical potential with

UT,V,u) = —kgT n Z(T,V,p) |, Z =P (10.9)

as the logarithm of the grand canonical potential. Note the analog to the relation F' =
—kgT In Z valid within the canonical ensemble.

Calculating with the grand canonical ensemble. To summarize, in order to obtain
the thermodynamic properties of our system in contact with a heat and particle reservoir,
we do the following:

1 - calculate the grand canonical partition function:
3N, J3N
Z = Z/d gd e BH—uN) .
h3N N ' ’

2 - calculate the grand canonical potential:

Q= —kgTlhZ = —PV, dQ) = —SdT — PdV — Ndu ;

3 - calculate the remaining thermodynamic properties through the equations:

o092
5= (a_T)V,u

o0 Q
P - <W>T,y B _V
- (2]

o) 1y

and the remaining thermodynamic potentials through Legendre transformations.

* Don’t confuse the grand canonical potential Q(T, V, u) with the density of microstates Q(E)!
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10.3 Fugacity

By using the definition of the partition function in the canonical ensemble,

1
= v /dBqu3NpeﬁH7

we can rewrite the partition function in the grand canonical ensemble as

ZN

Z(T,V,p) = ie”NﬁZN(T) = f:zNZN(T) : (10.10)

where z = exp(u/kpT) is denoted as the fugacity. Equation (10.10) shows that Z(T', u)
is the discrete Laplace transform of Zy (7).

10.3.1 Particle distribution function

In the canonical ensemble the particle number N was fixed, whereas it is a variable in the
in the grand canonical ensemble. We define with

sun 2n(T)
Z(T, p)

the probability that the system at temperature 7' and with chemical potential y contains
N particles. It is normalized:

(10.11)

wnN = €

S, = 3 D)
w'fL = _—_—mm
Z(T, p)

—_

N=0 N=0
Average particle number. That mean particle number (N) is given by

(N) = 3" Nuy(T,V) = Zz%’iji - Zi](V;TQ/‘)/) , (10.12)

which can be rewritten as

(N = [%mzmvm] , (10.13)

or, alternatively, as

(N) =z (% In Z(T,V, ,u)> : (10.14)

TV

when making use of the definition of fugacity z.

Chemical potential. Conversely, the chemical potential for a given average particle
number N = (N),
p=uT,V,N),

is obtained by by inverting (10.13).
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10.3.2 Particle number fluctuations

We start by noting that from

Q= -PV, N = - (—)
op TV

oP -1 (09 N
- (= = . 10.15
(aM)T,V 14 (aM)T,V 4 ( )

Particle number fluctuations. From (10.12),

it follows that

N NN Zy (T, V)
NN Zy(T V)

(V)

it follows that

where the second term results from the derivative of the denumerator.

Two systems are in equilibrium with respect to the exchange in particle if their chemical
potentials are identical, ;1 = p; = po. It hence makes sense that the the dependence of
the particle number on the chemical potential is proportional to the size of the particle
number fluctuations (N?) — (N)?, which mediate the equilibrium.

Scaling to the thermodynamic limit. Using (10.15) we can recast (10.16) into
0*pP 64
o2 = ol - 10.17
((M)W 0 [y — ) (10.17)

The left-hand side of (10.17) is intensive, viz it scales like V9, since both the pressure P
and the chemical potential are intensive. For the right-hand side to scale like V° for large
volume V' we hence need that

VN2 = (N)2 ~ VYV, <N2>N_ AL \/1N : (10.18)

where we have used that V' ~ N for fixed densities. The relative particle number fluctu-
ations hence vanish in the thermodynamic limit; a precondition for the grand-canonical
and the canonical ensemble to yield identical results.

10.3.3 Stability conditions

The mechanical stability condition for a system implies that its compressibility k7 cannot

take negative values, i.e.,
4 V\oP),~
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In fact, this can be proven within the grand canonical ensemble in the same way as it
was proven in Sect. 9.6 that the energy fluctuations in the canonical ensemble fulfill the
thermal stability criterion

Oy = k362<(H— <H>)2> > 0. (10.19)

Intensive variables. We start be defining the free energy per particle, a = F/N, as

a(T,v) = w v=V/N, (10.20)

where the v is the volume per particle (the specific volume).

— a = F/N is intensive and a function of the intensive variable T". It can therefore not
be a independently a function of the volume V' or the particle number N (which are
extensive), only of V/N (which is intensive).

— The circumstance that a is a function of V/N only allows to transform derivative
with respect to V' and to N into each other, the reason of using this representation.

Chemical potential. With (10.20) we find

_9F  9(NF/N) da da  A(V/N)
=oN - aN YT NaN Tt Nemny Tan
_V/N2

when using (5.12), namely that dF' = —SdT — PdV + udN. This relation yields

da o 9?a
MZG—U%, % = —Uw . (1021)

Note, that u is intensive.

Pressure. For the pressure P, an intensive variable, we find likewise that

OF  O(NF/N) N da  O(V/N)

P =__"" = N 7
oV oV 8(V/N)i¥_/ ’
1/N
which results in
Oa oP 0%a ou oP
P = ~ o0 it 90 = v% , (10.22)

where we have used in the last step the comparison with (10.21).
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Particle fluctuations in intensive variables. Using intensive variables for (10.17),

BT, ) O*P(T,v) d P\ v
SNy w2 = S o (28 2 10.23
V[< ) = >} ou? Ovou ) ou’ ( )
the last relation of (10.22) and (10.15), namely 0P/0u = 1/v, we obtain
0?P(T,v) o1\ (1dv 10V 1 ov
_— = _— _— K = —m——m,—_ = ———,
op? dvv) \voP)’ 4 VvV opP vOP
—_—— —
—1/v2 —KT
Compressibility. Taking the results together we obtain
_ BT, e )] _ LV (V) —(N)?
ke = o [<N> <N>} = o (10.24)

for the compressibility xr.

— The compressibility is strictly positive, kr > 0, which implies that the system
constricts when the pressure increases. The basic stability condition.

— The compressibility is finite if the size of the fluctuations y/(N?2) — (N)? vanishes
in the thermodynamic limit relative to the number of particles N present in the
System.

Response vs. fluctuations. The specific heat Cy and the compressibility x; are mea-
sure the response of the system to a change of variables.

— A temperature gradient AT to the heat reservoir leads to a transfer of heat,
AQ = CyAT,
which is proportional to Cy. Compare Sect. 3.2.

— An increase in temperature by AP leads to relative decrease of the volume by

AV
7 = KTAP,

which is proportional to .

It is not a coincidence, that both response functions, Cy and kr, as given respectively by
(10.19) and (10.24), are proportional to the fluctuations of the involved variables.

A system in which a certain variable A is not fluctuating
(and hence fixed) cannot respond to perturbations trying
to change A. The response always involves the fluctuation

(A= ()") = (42) — (2.




